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Abstract 

We present a certain generalization of a recent result of M. I. Cirnu on lin¬ 
ear recurrence relations with coefficient in progressions [5]. We provide some 
interesting examples related to some well-known integer sequences, such as Fi¬ 
bonacci sequence. Pell sequence, Jacobsthal sequence, and the Balancing se¬ 
quence of numbers. The paper also provides several approaches in solving the 
linear recurrence relation under consideration. We end the paper by giving out 
an open problem. 


Keywords: linear recursive sequence, arithmetic progression, geometric pro¬ 
gression, arithmetic-geometric progression 

1 Introduction 

A k^^-order linear recurrence relation for a sequence {xn}^^ has the form 

Xn — ®lTn—1 “1“ 0,2^71—2 a^Xn—3 “1“ • • • “1“ 0,k^rL—k fn ^ k), 

where a'^s are constants, and fk,fk+i,fk+ 2 ,--- is some given sequence. This lin¬ 
ear recurrence relation is homogeneous if /„ = 0 for all n; otherwise, it is non- 
homogeneous. 

The sequence {xn}n=o satishes the relation above is called linear recurrence 
sequence. It is an interesting topic in number theory because of its vast applications 
in science and mathematics. The simplest type of recurrence sequence is the arith¬ 
metic progression, popularly known as arithmetic sequence. It is a number sequence 
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in which every term except the first, say a, is obtained by adding the preceding term 
a fixed number d, called the common difference. The set N of natural numbers is a 
very good example for this. If denotes the term of an arithmetic sequence, 
then we have 

ai = a,an = ttn-i + d (n > 2). (1) 

An explicit formula for an is given by 

On = a + {n — l)d (n > 2). 

The number sequence defined by the relation ([T]) is an example of a linear recurrence 
sequence of order one. The sum Sn of the terms in this progression is given by 

77 

Sn =-[2a + {n - l)d] (n > 1). 

Another type of number sequences is the geometric progression. It is a number 
sequence in which every term except the first is obtained by multiplying the previous 
term by a constant number r, called the common ratio. The sequence 3, 9, 27,81,... 
is an example of a geometric sequence with a common ratio 3. If denotes the 
nth Qf sequence with hrst term a and common ratio r, then is dehned 
recursively as 

ai = o, a„ = a„_i • r (n > 2). (2) 

An explicit formula for is given by 

Un = a - {n > 1). 

The sum Sn is given by 

1 - r" 

Sn = a- -, r 7 ^ 1 (n > 1). 

1 — r 

If |r| < 1, then we have 

oo 

lim Sn = a'^r'^ = —(3) 

n^oo 1 — T 

n=0 

Recently, various generalizations of arithmetic and geometric progressions were 
offered by several authors. In [9], X. Zhang and Y. Zhang introduced the concept 
of arithmetic progression with two common differences, and in [lOj . X. Zhang and 
two others generalized this sequence by injecting a period with alternate common 
differences. These concepts were then extended by A. A. K. Majumdar to geometric 
progressions [3], in which an alternative approach to some results in m was also 
presented. Further extensions of these concepts are found in [5], [6], [7], and [8]. 

In this paper we shall provide a generalization of a recent result of M. I. Cirnu on 
linear recurrence relations with coefficients in progressions [2]. We give some inter¬ 
esting examples related to some well-known sequences (e.g. Fibonacci sequence, Pell 
sequence, Jacobsthal sequence, and the Balancing number sequence). The results 
are elementary; however, the present study provides the readers new properties of 
some special types of recurrence sequences and several procedures in dealing with 
similar types of problems. Finally, we end the paper with an open problem. 
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2 Main result 

In p], Cirnu solved the linear recurrence relation 

Xn+I = aqXn+i + aiXn-i ^ -h + a^XQ (n > 0), (4) 

where its coefficients a[s form an arithmetic (or geometric) progression. In short, he 
provided explicit formulas for Xn to the following recurrence relations: 

(i) Xn+i = axn + (a + d)xn-i + • • • + (a + (n — l)d)xi + (a + nd)xo; and 

(ii) Xn+i = aXn + aqxn-i H-h aq'^~^xi + aq'^xo, 


with initial data xq. These two sequences defined by the two relations above were 
considered separately in [2]. In this paper, however, we dealt with the two sequences 
simultaneously. In other words, we considered the convolved sequence 

a, {a + d)r, {a + 2d)r‘^, ..., (a + (n — (a + nd)r"', (5) 


rather than dealing with (i) and (ii) separately. 

The sequence ([5|) is called an arithmetic-geometric progression. Though its form 
appears to be very simple, it has not gained much attention of mathematicians 
unlike the well-known Fibonacci sequence, Pell sequence, Jacobsthal sequence,and 
Balancing number sequence [T]. In fact, not much information is available about 
this sequence except for the formula for the sum Sn of its first n terms; that is, 


^ (a -I- kd) r^ 
k={) 


a — {a-L nd) 
1 — r 


-|- dr 


l_rn 
(1 - r)2' 


It is easy to verify that for r € (—1,1), 


+ 


dr 


l-r (1-r)^ 


as n 


oo. 


But if r G M \ (—1,1) and n tends to infinity, Sn diverges. Perhaps, the sequence ([5]) 
does not posses fascinating properties that the Fibonacci sequence does. However, as 
we shall see later, the sequence ([5]) is somehow related to some well-known recurrence 
sequences of order two. 

By interchanging the operations of addition and multiplication by a constant, we 
may also define analogously a sequence that we call geometric-arithmetic progression. 
This sequence is of the form 


a, or -|- d, ar'^ -|- 2d, 


ar 


n—1 


+ [n — l)d, ar^ + nd. 


( 6 ) 


It can be verified that the sum of the first n terms of the sequence ([6]) is given by 


o 1-^” , n(n-l)^ 
Sn — a— -1-—- d. 


1 — r 


2 


( 7 ) 
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Now, combining the idea behind the usual arithmetic progression generated by © 
and the concept of arithmetic-geometric progression (resp. geometric-arithmetic 
progression), we come up with the following recurrence relations of order one: 


ao = a, an = an-ir + d (n > 1); (8) 

ao = a, an = (on-i d)r (n > 1). (9) 

For r 7 ^ 1, the corresponding formulas of term for ([8]) and ([9]), are as follows: 

1 - r” 

an = ar"' + d- -; ( 10 ) 

1 — r 

1 — 

an = ar'^ + dr- -. ( 11 ) 

1 — r 

For r = 1, the recurrence relations ([8]) and Q coincide with the usual arithmetic 
progression ©• 

In this section, we consider the relation ([4]), where an = {a + nd)r^; that is, we 
study the following recurrence relation: 

Xn+i = axn -|- (a -|- d)rxn-i -|- (a -|- 2 d)r‘^Xn -2 -b • • • (a -b nd)r"'xo (n > 0). (12) 


Surprisingly, (fT^ is related to a Horadam-like sequence since (fT^ can be reduced to 
a second-order linear recurrence relation as we shall see in the proof of this result. 

Theorem 2.1. The sequence {xn} satisfies the recurrence relation (|12p with coeffi¬ 
cients in arithmetic-geometric progression if and only if the sequence {xn} satisfies 
the generalized (second-order) Fibonacci sequence with the Binet fomula given by 

Xn = [(B - a\ 2 ) Xf-" -{B- aAi) '] (n > 1), (13) 

where B = {a-\- d)r and Ai ,2 = \{a-b2r dn \/of — 4r(r — d — 1)^ . 

Proof. We prove the theorem by reducing (jl2p to a second order linear recurrence 
relation of order two. We suppose that the sequence {xn} satisfy the recurrence 
relation (fT^ . Then, we have xi = oxq, X 2 = -b (o -b d)rxo, and 




Xn - rXn-1 


n n—1 

^ (a -b kd) r^Xn-k -r'^{a + kd) r’^Xi^n-i)-k (14) 

fe=o fc=o 

aXn + drxn-i + dr‘^Xn-2 H-b dr'^xo; 

n—1 n—2 

^ (a -b kd) r'^X(^n-i)-k -r'^{a + kd) r^X(n_2)-k (15) 

k=0 /c=0 

aXn-i + drXn -2 + dr'^Xn-3 H-b dr^~^xo. 


Hence, 


{Xn+l - rXn) - r{Xn - VXn-l) = OXn + drXn-1 - arXn-1, 
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or equivalently, 

~\~ Qxn—\i ( 16 ) 

where P = a + 2r and Q = — (r^ + (a — d)r). We recognized that (jl6p portrays a 
Horadam-like sequence (cf. [3]). Hence, we reduced the recurrence relation (fT^ of 
order n to a second-order linear recurrence relation (1161) . In fact, (I16p can be further 
reduced to a linear recurrence relation of order one which will be shown later. 

Note that there are several methods known in solving linear recurrences. So we 
first provide several approaches in obtaining the general solution to (1161) so as to 
help the readers get familiarized with solving similar problems. 


Approach 1 (Using a discrete function A", A G M, n G N) 

Let Xn = A”, A / 0. So A"+^ = PP^ + Q\^~^, which is equivalent to X^ — PX — Q = 0. 
This characteristic equation of (flBI) has the solutions 


. P ± + 4g 

Ai,2 --^-. 

Hence, (fTBP has the general solution Xn = CiXi + C 2 X 2 , where Ci,C 2 G M subject 
to the initial conditions xi = CiAi + C' 2 A 2 = axq and X 2 = UiAf -|- C' 2 A 2 = a?xo + 
(a + d)rxo. Solving for Ci ^2 we obtain 


Cl,2 = iaio 


+ (o + d) 


Ai,2(Ai 


r - aA 2 ,i A 
- A 2 ) / 


Thus the solutions of the recurrence relation (1121) are given by the formula (I13p . 

Remark 2.2. The recurrence relation (I16p fails to hold for n = 0. Hence, the initial 
conditions are xi and X 2 instead of xo and xi. 


Approach 2 (Via reduction to order one) 

Let Ai ^2 be the roots of the quadratic equation — Px — Q = 0, where P = a + 2r 
and Q = —(r^ + (a — d)r). Evidently, since Ai + A 2 = P and A 1 A 2 = —Q, we have 
Xn+I = (Ai -I- A 2 )x„ - AiA 2 X„_i, or equivalently. 


Xn+l XiXn — X2{Xn AiXj^_i). 

Note that the sequence {xn+i — can be viewed as a geometric progression 

with A 2 as the common ratio. Hence, by iterating n, we get 

Xn+l - XlXn = X2 ~^{x2 - AiXi). 

Dividing both sides by A 2 , and doing algebraic manipulations, we obtain 

Ai X2 - Xixi 

Un+l — 


X 2 


(18) 
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where yn-= Xnl^^- Suppose + 4Q > 0. Then it follows that Ai > A 2 . Letting 
p = A 1 /A 2 and 6 = (x 2 — AiXi)/A 2 , we can express (fTSl) as Un+i = PUn + which 
is similar to the linear recurrence equation ([8|) of order one. Hence, in view of (IlOp 
with p ^ 1 (together with Remark (I2.2p i and by replacing n + 1 by n, we get 


= xi 


+ 


X2 - AlXi 

A 2 




This equation yields 


Xn = xiAf + (Af _ a;) . 


A.-A. 

We notice that for n = 1, we get xi = X 2 - Replacing n by n — 1 on the LHS of (fTop . 
we obtain 

= XI Ar' + (Ar^ - Ar'). 

Ai — A 2 

The above equation can be simplified into this desired formula: 

xq 


Xn = 


[{B - a\2) A”-^ -{B- oAi) A^-^] 


Ai — A 2 

Approach 3 (Using generating functions) 

Let X{t) be the generating function for {x„}. By considering Remark (|2.2|) and 
re-indexing, we write X{t) = On the other hand, we multiply the 

equation (I16h by and sum up the terms over n > 2 to get 

00 00 00 

Xn+lP~^ = Xnt"'~^ Xn_iU“^ (20) 

n=2 n=2 n=2 

After doing some algebraic manipulations, we get an equivalent form of ([20]): 

1 


t 


{X{t) - Xi - X2t) = PX{t) - Pxi + QtX{t). 


Solving for X{t), we obtain 


X{t) = 


{Pxi - X2)t - Xl 


Thus, 


^ ^ Xnt 


QP + Pt-l 

_ (Rxi - X2)t - Xl _ {Pxi - X2)t - Xl 


n=l 


QP + Pt-l 

{Pxi - X2)t - Xl 


Q(, + £±Ag±i2) (* 


+ 


P-^/P^+4Q 


2Q 


{Pxi - X2)t - Xl 


X2{t + ^).Xi(t + ^) (1-A2t)(l-AR) 

Aixi - {Pxi - X 2 ) A 2 X 1 - {Pxi - X 2 ) 


1 

Ai — A 2 

1 


Ai — A 2 V 1 ~ ^2t 


1 - Alt 

X2 - AiXi X2-A2 Xi\ 


1 — X2t 


1-Xit J 
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Applying (l3|), we get 


n=l 


1 

Ai — A 2 


(X2-A2a:i) 

n=l 


n=l 


E 

n=l 


j^--^{ix2- \2Xl)X^ ^ 


{X2 - AiXi)A2 


t 


n—1 


By taking xi = axQ and X 2 = {a? + (a + d)r)xo = Bxq and dropping down the 
summation symbol, we obtain the desired result. 


Approach 4 (Using induction on n) 

We claim that (fT^ is the solution to (fTBI) . First, we note that the formula (fT3]l holds 
true for n = 1,2. Next, we assume that m is a solution to (fT^ for some integers 
k and k — 1 where k < n for some fixed n > 2. Hence, from (I16|) . we have 

Xk+l = PXk + QXk-l 

{B - aX 2 ) X\-^{PXi + Q)-{B- aXi) X^-'^iP + QX 2 ) . 

Since Ai ^2 are the roots of the characteristic equation A^ — PA — Q = 0 of (fTHI) . then 
Af 2 = PAi ,2 + Q- Thus, we get 

(P - aA2) A^ - (P - aAi) A^ . 

By principle of mathematical induction, we see that (jl3p is the solution to (1161) . 

Now, to complete our proof, we show that (jl.Sp also satisfies the relation m- 
We again proceed by induction. For n = 1, 2, 3 we have the following: 

Xq 

xi = - -— [(P - aX2) - (P - aAi)] = axo, 

Ai — A 2 

X2 = - «^2)Ai - (P - aAi)A2] 

Ai — A 2 

= - aQ - {BX 2 - aQ)] 

Ai — A 2 

= xqP = a^xo + (a + d)rxo 
= axi + (a + d)rxo, 

X3 = - «^2)A? - (P - aAi)Ai] 

Ai — A 2 

= - «^i^ 2 (Ai - A 2 )] 

Ai — A 2 

= Xq {bp + aQ) = xo[B{a + 2r) — a(r^ + or — dr)] 

= xo(aP + 2a^r + 2ar^ + 2dr‘^ — ar^ — a^r + adr) 

= xo{aB + a{a + d)r + (a + 2d)r‘^) 

= ax 2 + (a + d)rxi + (a + 2d)r'^X(). 


^fc+1 — 


Xq 


Ai — Ao 
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Now, we suppose that (fT^ is true for all fe < n where n > 2 is hxed, i.e., 

k 

Xk+I = "^{ 0 ,+{k - l)d)r^~^xi {k<n). 

1=0 

From ()16p . together with the above equation, we obtain 
^k+2 P^k+1 “ 1 “ QXk 

k k—1 

= P + {k — l)d)r^~’‘xi + Q + (A; — 1 — l)d)r^~^~^xi 
1=0 1=0 

k k 

= P + {k — l)d)r^~’‘xi + Q'^^{a + {k — l)d)r^~’‘ xi^i. 

1=0 1=1 

Now, with P = a + 2r and Q = —r^ — or + dr, we get 

k 

Xk +2 = ^(a + {k- l)d)r^~'-{Pxi + Qxi-i) 

1=2 

+ (a + 2r)(a + kd)r^xo + (a + 2r)(a + {k — l)d)r^~^xi 
— (r^ + ar — dr){a + {k — l)d)r^~^xo. 


Letting = (a + kd)r^, we obtain 


k 

Xk +2 = ^ M-ixi +1 + axoAk + [2(a + kd) - {a + {k- l)d)]r*'+^xo 
1=2 

+ a^xoAk-i + 2arAk-iXo - arAk-iXo + drAk-iXo 
k fc+1 

= ^ Ak-ixi+i + Ak+ixo + AkXi + Ak-iX2 = ^ Ak+i-ixi. 

1=2 1=0 


This proves the theorem. 


□ 


Remark 2.3. It was mentioned in that the usual Fibonacci sequence {Fn} cannot 
he a solution of m with r = 1. However, if r = 1/2 , then the Fibonacci numbers 
{Fn}^=o = {0,1,1, 2,3, 5,8,...} become solutions of (fl^ with a = 0 and d = 5/2 
and inital data xq = 4/5. In particular, the linear recurrence equation 

5 5 15 

Xn+l = -rXn-l + -;Xn-2 + —Xn-0 4-h —Xq, {u > 1) 

4 4 lb 2 

with initial condition xq = 4/5, has the solution 


An-l 


— 




n—1 


V5 


=: Fr,.- 


n—l 5 


where (j) denotes the well-known golden ratio, i.e. </ = (! + \/5)/2. 
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Another interesting solution to m, with r = 1/2 and a = 0 and d = 9/2, is 
the Jacobsthal numbers {Jn} = {0,1,1,3,5,11,21,...}. More precisely, the linear 
recurrence equation 

9 9 27 9n 

Xn+l = -;Xn-l + -:Xn-2 + —Xn-d, H-h —Xq, {u > 1) 

4 4 lb 2 

with initial condition xq = 4/9, has the solution 

271-1 _ (- 1)^-1 
Xn — ^ —• Jn—1- 

Example 2.4. In the following two examples we shall assume r = 1. 


(1) The sequence {Pn}ff=Q of Pell numbers {0,1, 2, 5,12,...} is a solution to (fT^ . 
Indeed, this requires that Xn+i = 2xn — Xn-i with initial conditions xi = axq = 
0 and X 2 = (a^ + a + d)xo = 1. Therefore a + 2 = 2 and d — a — 1 = 1, giving 
us a = 0 and d = 2, and xq = 1/2. Thus, the recurrence 

Xn+l = 2Xn-l + 4xn-2 H-h 2nxo {n > 1), 


with initial condition xq = 1/2, has the solution 

(jTl-l _ (1 _ 


Xn = 


V2 


=: Pn - 


n—lj 


where a denotes the well-known silver ratio, i.e. a = (1 + \/2)/2. 

(2) In l^, A. Behera and G. K. Panda introduced the concept of balancing num¬ 
bers n G N as solutions of the equation 


1 -I- 2 H-h (n - 1) = (n -b 1) -I- (n -I- 2) H-h (n -b r), 

calling r G N, the balancer corresponding to the balancing number n. For 
example 6,35, and 204 are balancing numbers with balancers 2,14, and 84, 
respectively. The sequence Bn of balancing numbers satisfies the relation 

Bn+i = 6Bn - Bn-I, (n > 2), 

with intial conditions Bi = 1 and B 2 = 6. It can be easily seen that the 
balancing numbers are solutions of m with a = d = 4 and initial condition 
xq = 1/4. More precisely, the linear recurrence relation 

Xn+l = 4Xn -b 8Xn_i -b l2Xn-2 H - b 4(n -b l)xo, (n > 1), 

with initial condition xq = 1/4, has the solution 

\n—1 \n—1 

^1 ~ ^2 T~> 

— 7 7 —• 1? 

Ai — A2 

where Ai ^2 are roots of the quadratic equation x^ — 6x — 1 = 0, i.e. Ai ^2 = 
3 ±2^2.’ 
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As corollaries to Theorem (12.ip . we have the following results of Cirnu [2]. 

Corollary 2.5 ([2], Theorem 2.1). The numbers Xn are solutions of the linear re¬ 
currence relation with the coefficients in arithmetic progression 

Xn+i = axn + (a + d)xn-i H-h (a + nd)xo (n > 0), 

with initial data xq if and only if they are the generalized Fibonacci numbers given 
by the Binet type formula 

Xn = - «'^ 2 ) -{B- aXi) (n > 1), 

Ai — A2 

where i? = + a + d and Ai ^2 = \ [a + 2F + 4d^ . 

Corollary 2.6 ([2], Theorem 3.1). The numbers Xn are solutions of the linear re¬ 
currence relation with the coefficients in geometric progression 

Xn+i = aXn + arxn-i H-h ar"'xo, (n > 0) 


with initial data xq if and only if they form the geometric progression given by 

Xn = axo{a, (n > 1). 


Remark 2.7. It was presented in m Corollary 2.2] that the recurrence relation 


Xn+I = Xn + 2xn-i H-h rixi + (n + l)xo, (n > 0), 


with the initial data xq = 1, has the solution 




1 

7 ! 




FI) 


n-\ 


(n > 1). 


( 21 ) 


( 22 ) 


We point out that {xn} is in fact the sequence of Fibonacci numbers with even 
indices, i.e. Xn = ^ 2 ^. Moreover, if xq is replaced by 2 as initial data of (l22p . then 
we get Xn = F 2 n+i, for n>2, as solutions to (f2T]) . 

Remark 2.8 (Convergence Property). Using (12.ip . we can find the limit of the 
sequence {xn+p/xn}, where Xn satisfies the relation (fT^ and p is some positive 
integer, as n tends to infinity. It is computed as follows: 


,. Xn+p—l ,. 

hm - - — = hm 

n—>-oo Xn n^oo 


^n+p—l 

{B - aAa) - {B - aXi) 

(1?) 

n+p—l 


{B - 0 X 2 ) - {B - aAi) 

(If) 

n—1 



= K 
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3 Open problem 


The recurrence sequence defined in (I12p can be further generalized in various forms. 
For instance, we may define the sequence {xn} to satisfy the recurrence relation 


/ Z]fc=o(® + kd)r^Xn-k if n is even, 
I Z]fc=o(^ + kc)s^Xn-k if n is odd. 


where a, b, c, d, r, and s are real numbers with abrs ^ 0. This can be further extended 
into 

'TJk=o{^i + ^di)r\xn-k ifn = 0(modm), 


^n+1 — ^ 


Ylk=o(^rn + kdm)r'^Xn-k if n = -1 (mod m). 


where Oj/g, di^g, Vi/g G M, for all i = 1, 2,..., m, with 0102 • • • am^’i ^’2 • • • / 0. 

It might be of great interest to study the properties of these sequences (e.g. 
explicit formula, convergence, etc.). 
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